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1 Introduction 



Whittaker modules were first introduced by Arnal and Pinzcon [Ij in their study of the sl2(C) 
algebra representations. For an arbitrary complex infinite-dimensional semisimple Lie algebra 
the theory of Whittaker modules was developed by Kostant [3]. The construction was based 
on the triangular decomposition g = n~ © f) © and a regular Lie algebra homomorphisms 
: — 7- C. For non-regular homomorphisms the Kostant construction was analyzed in 
[H O |6] . More recently the Whittaker modules have been intensively investigated for various 
infinite-dimensional algebras with a triangular decomposition: the Heisenberg and the affine 
Lie algebras [7] , the generalized Weyl algebras [S] , the Virasoro algebra [TU] , the twisted 
Heisenberg- Virasoro algebra [11], the Schrodinger-Witt algebra [12], the graded Lie algebras 
[13]. the VF-algebra W{2, 2) [H] and the Lie algebras of Block type [T5] . 

A general categorial framework for Whittaker modules was proposed in [16] where the 
Kostant construction was generalized to a pair of Lie algebras n C g. In this setting the 
Whittaker module is defined as a g-module, generated by a one-dimensional n-invariant sub- 
space. 

In two-dimensional conformal field theory the interest in Whittaker modules was stimu- 
lated by Gaiotto's paper [T7] on a particular versions of the AGT relation [TS] where on the 
CFT theory side so called irregular blocks appeai0. They are defined as a scalar products of 
vectors of a Virasoro algebra Verma module determined by the conditions 

Li \w) = fii \w) , L2 \w) = ^2 \w) , Ln \w) =0, n > 2. (1) 

It has been conjectured in |17J that not only these vectors but also higher order vectors 

Lr \w) = Hr \w) , . . . , \w) = fi2j- \w) , L„ {w) =0, n > 2r, r > 1 (2) 

exist and are uniquely defined by the conditions above. The existence of the first order Gaiotto 
states has been soon verified by an explicite construction in [21]. Another construction in 
terms of the Jack symmetric polynomials was given in ^2]. The corresponding irregular 
blocks were the simplest objects for which the AGT relation could be verified [231 124] . In 
particular the norm of the first order Gaiotto state with H2 = corresponds to the pure gauge 
partition function in four dimensions. This relation has been analyzed for various extensions 
of the AGT relations with the CFT side described by the A„-Toda theories [25112m 127] . the 

= 1 super-symmetric Liouville theories [281 [291 [30] , tt^6 para-A„-Toda theories [311 [32] and 
the general Toda theories |33] . 

From the point of view of the general approach of |16] the Gaiotto conditions ([2]) define 
a Whittaker vector of the Whittaker pair Vr C V where V is the Virasoro algebra and Vr its 
subalgebra generated by L,., . . . ,L2r- Recently a new type of coherent states corresponding 
to the Whittaker pairs Vi,n C V where Vi,n is the subalgebra generated by Li,Ln has been 

* In the context of instanton counting the Whittaker vectors of affine algebras were analyzed earlier in 
[ISlIlDj. 
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introduced by Bonelli, Maruyoshi and Tanzini in [31]. It was proposed that the corresponding 
irregular conformal blocks describe partition functions of wild quiver gauge theories. 

In the present paper we analyze general algebraic properties of the Gaiotto and the BMT 
states for the Virasoro algebra. This includes the problem of the structure of Whittaker 
modules for the pairs Vr C V and Vi,n C V and the construction of corresponding states. 
Since Vi = Vi,2 the lower orders coincide. In this case the structure of Whittaker modules is 
already known [9l [10] and the Gaiotto states are constructed [21[ [22] . Our aim is to extend 
these results to higher orders. 

In Section 2 we use the method of [9j to analyze modules of the higher order Whittaker 
pairs Vr C V. In view of CFT applications we restrict ourselves to modules with a fixed 
central charge. Our main result is the structure theorem for the universal Whittaker module 
of a general type. We say that a Lie algebra homomorphism ^/^^ : Vr — ?> V is of the high 
rank if ipr{L2r) 7^ or ipr{I-i2r-i) 7^ 0. For the high rank homomorphisms the corresponding 
universal Whittaker module is simple. In all other cases it has an infinite composition series 
with a single composition factor uniquely determined by ipr- 

Section 3 is devoted to the Whittaker pairs Vi,™ C V. Most of the techniques developed 
in Section 2 can be applied in this case as well. Note that for a non-regular Lie algebra 
homomorphisms V'l.n : Vi,n C (^i^n(-^i) = or Vi,n(-^^n) = 0) we are back to the case 
Vr C V. We give a complete analysis of Whittaker vectors in the universal Whittaker module 
in the cases n = 3, 4 and present some examples for higher orders. 

In Section 4 we investigate subspaces of Whittaker vectors of a given pair and type 
in the Virasoro module of all anti-linear functionals on a Verma module. Whenever the 
Shapovalov form is non-degenerate the Gaiotto and the BMT states can be recovered by 
"raising indices" level by level by the inverse to the Gram matrix. For the first order states 
this is the construction of [21j . One can define irregular blocks directly in terms of forms and 
the scalar product determined level by level by the inverse Gram matrices. This approach 
conveniently separates the universal algebraic properties from those specific to the weight 
dependent Shapovalov form. 

It turns out that the first order Gaiotto states are uniquely (up to a scale factor) defined by 
the conditions ([1]). This is no longer true for higher orders. We present general representation 
of the Gaiotto and the BMT states in terms of systems of basic states. 

The two types of Whittaker pairs considered in this paper are special cases of a more 
general pair Vm,n C V where the subalgebra Vm,n is generated by 

One can easily invent even more general subalgebras. If they contain the subalgebra Vr 
for a certain integer r the method of [9] we have used in the present paper can be applied 
to analyze the corresponding Whittaker modules. One may expect new classes of simple 
modules of the Virasoro algebra. It is an interesting question to what extend this general 
construction might be helpful in solving the problem of classification of all simple modules of 
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the Virasoro algebra. |f| 

There are other possible continuations of the present work. For the pair C V the struc- 
ture theorem implies that all high rank Whittaker modules of a given type are isomorphic. 
For the low rank modules the classification problem remains open. Theorems of Section 2 
provide a good starting point but general analysis is still to be done. 

The abundance of higher order Gaiotto states rises the question of their classification. One 
may expect [l7j that at least some of them arise as decoupling limits of n-point conformal 
blocks. It would be interesting to find their algebraic characterization. Similar questions arise 
for the BMT states. Finally, in view of the developments mentioned above the extensions to 
other algebras would be desirable. 

When the present paper was completed we became aware of a series of papers [35} [36 t [37] . 
In [35] irreducible Virasoro algebra modules were studied. In particular all Whittaker modules 
for higher order pairs Vr C V were explicitly constructed by twisting oscillator representation 
of the twisted Heisenberg- Virasoro algebra. The construction implies that all high rank 
Whittaker modules of an arbitrary order are simple (Theorem 7 of [35]). In the present 
paper we obtain the same result using different methods (Corollary 2.2). The other two 
papers are devoted to the Whittaker modules of the generalized Virasoro algebras [3^ and 
of the Virasoro-like algebras [37] . 

We owe special thanks to Volodymyr Mazorchuk and Kaiming Zhao for sending us their 
work [38] and in particular for pointing out that Theorems 3.5, 3.6 and Corollary 3.7 of 
Section 3 in the first published version of our paper are valid only in the case of n = 3. The 
present version contains necessary corrections of Section 3. 



2 Whittaker pairs Vr C V 

Let V be the Virasoro algebra i.e. V = spauj- {z, Ln '■ n ^ "L] with the Lie bracket 

[Lm,Ln] = {m- n)Lm+n + j^rn (m^ - l) 6m+n, 
[Lm,z] = 0. (3) 

Let r be a a positive integer. We introduce the subalgebra Vr generated by L^, . . . , L2r 

Vr = span^{Lr, Lr+i, . . .} C V. 

A Lie algebra homomorphism ipr ■ Vr ^ C is uniquely defined by its values on the algebra 
generators. This justifies the notation 

Ipr = {V'r(ir), • • • ,1priL2r)}- 
"A complete answer was recently found by Mazorchuk and Zhao in [38| . 
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We consider only non trivial ipr i-e- at least one of ipriLi) does not vanish. For non trivial 
homomorphisms we define the rank: 

rank'f/'r = niaxjr ^ i ^ 2r : ipr{Li) ^ 0}. 

From commutation relations ^ one has ^ri^k) = for all k > lanktl^r- 

Definition 2.1. Let V be a left V-module, ipr '■ ^ C - a non trivial Lie algebra homo- 
morphism and c - a complex number. A vector \w) V is called a Whittaker vector of the 
Whittaker pair Vr C V, the central charge c and the type Tpr if 

z\w)=c\w) and Lk\w) = '4)r{Lk)\w) for k^r. 

A V-module V is called a Whittaker module of the Whittaker pair Vr C V, the central charge 
c and the type ipr if it is generated by a Whittaker vector of the same pair, central charge and 
type. 

The order and the rank of the Whittaker vector or module of a type ipr CLfs defined as r and 
rank^'r; respectively. 

Let us note that the standard notions of the Whittaker vectors and modules for the Virasoro 
algebra as defined in [9l [10] correspond to the case r = 1 with no central charge condition. 

We assume that all Whittaker vectors and modules in this section are of the Whittaker 
pairs Vr C V and have the same fixed value of the central charge. For a Whittaker module 
F of a Whittaker pair Vr C V and a type ^pr we shall use compact notation V^^ . 

Definition 2.2. A Whittaker module W^^ generated by \w) is called a universal Whittaker 
module of a type ipr, if for any other Whittaker module V^^ generated by \v) there exists 
a surjective module homomorphism <I> : W^^. — ?> V^,, such that ^\w) = \v). The Whittaker 
vector \w) of the type ipr generating the universal module W^^ is called the universal Whittaker 
vector of type ipr ■ 

Theorem 2.1. For each Lie algebra homomorphism : Vr — > C there exists a unique, up 
to an isomorphism, universal Whittaker module W^^. 

Proof. For each Lie algebra homomorphism ipr : Vr — )• C 

Ir = Y^ U{V){Li - ML^d) + U{V){z - c) 

i>r 

is a left ideal in U{V). U{V)/Ir with the left action 

u[v] = [uv], u,v € U{V) 
is a C/(V)-module generated by [ 1 ]. For any n ^ r one has 

(L^ - MLn))[l] = [Ln - MLn)] = and (z-c)[l]=0. 
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Hence [1] is a Whittaker vector and U{V)/Ir is a Whittaker module. 

Let V^^ be an arbitrary Whittaker module of a type ipr generated by a Whittaker vector \v). 
The map 

^:U{V)/Ir 3 [u] ^ u\v) e 

is a surjective homomorphism such that $([ 1 ]) = \v). The uniqueness is a simple consequence 
of the universality. □ 

We define a pseudo partition A of order r as a non-decreasing finite sequence of integers 
smaller than r: 

A = (Ai,...,A„), Ai^...^A„<r. 
With each A we associate an element of the universal enveloping algebra U (V) : 

It is convenient to supplement the set of all pseudo partitions of order r by the empty 
sequence for which 

L0 = 1. 

Sometimes it is useful to denote a pseudo partition A of order r as: 

A = (AH),...,A(r-l)) 

where X{k) is the number of times the integer k appears in A. In this notation Lx takes the 
form 

T _ tH-1) rA(r-l) 
^X- ^-l ■■■ ■ 

As a consequence of the PBW theorem one has 

Theorem 2.2. Let W^^ he the universal Whittaker module generated by \w). Then the vectors 
Lx \w) where A runs over the set of all pseudo partitions of order r, form a basis ofW.^^. 

Each pseudo partition A can be uniquely decomposed A = A_ U A+ into the negative A_ = 
(A(— /), . . . , A(— 1)) and the nonnegative A+ = (A(0), . . . , A(r — 1)) part. We shall introduce 
the length #A 

r-l 

#\ = ^\ii) 
1=0 

and the level |A| 

\X\ = -J2i^{i) 

i<0 

of a pseudo partition A. For an arbitrary vector \v) = YlxPx^x 1^) define the maximal 
length 

max* \v) 

and the maximal level 

max \v) 



= max{#A : pa / 0} 
= max{|A| : / 0} 
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Lemma 2.1. Let {w) be the universal Whittaker vector of a type tpj. and a rank s. Then for 
any pseudo partition X £ 

[Lm,Lx+]\w) = for s<m, 
m.a-x.'^[Lm, L\^]\w) < #X for r^m^s. 

Proof For Lx+ = Lx^^-, ■ ■ ■ Lx„ one gets 

n 

[Lm, Lx+] = ^ (m - Aj)LAj^_^i . . . L^+x, ■ ■ ■ Lx„ ■ 

i=k+l 

If m > s then m + Aj > s for all i in the sum. Commuting all generators L/ with / > s to the 
right one gets only terms annihilating \vu). Terms with a maximal number of L generators 
are of the form 

-^Afc+i ■ ■ ■ Lx^_^Lx^+^ . . . Lx„Lm+X, \w) = ljjr{Ljn+\i)Lx^^+^ ■ ■ ■ Lx^_^Lx^+-, ■■■Lx„ \w) . 

They do not necessarily vanish for r ^ m ^ s. Hence the maximal possible number of 
generators is #A — 1. □ 

Lemma 2.2. Let \w) be the universal Whittaker vector of a type ipr and a rank s. Then for 
any pseudo partition A G 

[Lm,Lx_]Lx+\w) = for s+|A[<m, 

TsisyiyLm,Lx_'\Lx^\w) ^ \\\ + s — m for s<m^s + \\\, 

max[Lm5 -^A_] 1""^) < l-^l for r^m^s. 

Proof. Let s + |A| < m. Ordering all terms in the commutator [Lm,^A_] one gets a sum of 
monomials with the generators Li on the right such that I > s. Hence [^n)-^A_]^A+ \w) = 
by Lemma l2.ll 

Let r ^ m ^ s + |A|. For Lx_ = Lxj ■ ■ ■ Lx^ one has 

{Lm,Lx_]Lx+\w) = ^ {m-\i)Lx^...Lm+x,---Lx,,Lx+\w) 

m+Aj<0 

+ ^ {m — \i)Lxi ■ ■ ■ L 

m+\i ■ ■ ■ Lx^Lx^ \w) . 

After reordering the first sum takes the form 

^P^L^La+ \w) 

l7l = |A|-m 
#7=0 

and if nonzero it is of level |A| — m. The second sum can be rewritten as 

P-r L-y Lx+ lui) + ^ ^ py L^ Lm-i Lx+ \w) , 

|7| = |A|-m I |7| = |Ah« 

#7=0 #7=0 
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where the sum over / runs over the partial sums 

t 

m > I = — Xi- ^ m — s 
i=i 

corresponding to all possible subseries {Ajj, . . . , Aj^} C {Ai, . . . , A^}. Let I' be the smallest of 
such sums. Then the terms L.y L^-i' \w) are of the maximal possible level 

maxL^ Lm_i/ Lx^ \w) = [A| — I' ^ \X\ + s — m. 

For r ^ m ^ s one simply has 

maxL^f Lm^if Lx^ \w) = [A[ — I' < [A[. 

□ 

Lemma 2.3. Let \w) he the universal Whittaker vector of a type ipr cLnd a rank s and A - a 
pseudo partition of order r. If k > is the smallest number for which X{—k) ^ 0, then 

[Lk+s,Lx_]Lx^ \w) = 

X{-k)MLsm + s)LyK..Lt^-Y^Lt^-'^-'Lx^\^^ + \v) + \v') , 

where max \v) < [A| — A; and max ^ 1A| — k, max* \v') < #A. 
Proof. Let = L^^„ . . . L^\^i ^\ so that Lx_ = ^\ Then 

[Lk+s,Lx_]Lx+ \w) = [Lk+s,L^]L^}^^^^ Lx^ \w) + L^^[Lk+s, L^}k^'']Lx+ \w) ■ (4) 
Repeating the reasoning from the proof of Lemma 12.21 one can write 

[Lk+s,L^,]L^}^''^Lx+\w) = ^ pyL^lt^^'^hx+lw) 

\.y\ = \X'\-k-S 

#7=0 

k+s 

+ ^P-yL-^Lk+s-iLt^k'^^Lx+lw) 

l=k+l |7[ = |A'|-' 
#7=0 

where the range in the sum over I follows from the assumption that L^/ does not contain 
generators L_j with i ^ k. An element of the maximal degree in the second sum takes the 
form 

qjLjLt^j^''^Ls-iLx+ \w) , 

where I7I = |A'| — k — 1. Hence 

max[Lfc+s,Ly jL^^f^'^^Lx^ \w) < \X\ - k. 



7 



Let us now turn to the second term in (jj]). A simple algebra yields 

A(-fe) 

i=i 

= X{-k)MLs){2k + s)L^,_Lt^-''^-^Lx^ \w) 

A(-fc) 

+ X{-k){2k + s)Ly_L^(-'^)-'[L„ La J \w) . 

By Lemma 12.21 maximal level of the second term on the r.h.s. is strictly smaller than |A| — k. 
If A+(0) ^ the last term does not vanish. Since 



its length is strictly smaller than #A+. □ 

Lemma 2.4. Let W^^ be the universal Whittaker module of type tpr und let \u) G VF^,,, be an 
arbitrary vector, //max \u) > then \u) is not a Whittaker vector of any pair Vr' C V. 

Proof. For an arbitrary nonzero vector \u) = ^p\L\ \w) we introduce 

M = max|n), Am = {A : pa/OA|A|=M}. 

Since M > 0, there exists a smallest positive number k for which there exists a partition 
A E Am such that X{—k) ^ 0. For s = rank^^ one has 

Lk+s\u) = px[Lk+s,Lx_]Lx+ \w) + px[Lk+s,Lx_]Lx+\w) . 

X^Am AsAm 

If A ^ Am then |A| < M and Lemma 12.21 implies 

max ^2 Px[Lk+s,LxjLx+ \w) = |A_| - k < M - k. 
A^Am 

Taking this into account and applying Lemma 12.31 to all terms of the second sum one can 
write 

Lk+s\u)= PxX(.-k)MLs)(.2k + s)Lx'_Lx+\w) + \v) + \v') , (5) 

AGAm 
X{-k)^0 

where max \v) < M - k, max* \v') < #A and A'_ = (A(-/), . . . , A(-A; - 1),A(-A;) - 1). 
All vectors Ly Lx^ \w) in the sum above are linearly independent. Since for all of them 
|La' Lx^ \w) \ = M — k, they form with \v) and \v') a linearly independent system as well. 
The decomposition ^ thus imply that L^+s \u) is a nonzero vector not proportional to \u). 
Hence \u) is not a Whittaker vector of any type of order A: + s or lower. 
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On the other hand, for n > k + s one has 

Ln\u) = '^pxLnLx_Lx+ \w) = '^px[Ln,Lx_]Lx+ \w) 

X X 

Lemma 12.21 now imphes 



max ^^Px[Ln,Lx_]Lx+ \w)^ < maxju) 



so Ln \u) cannot be of the form a \u) for any a ^ 0. Hence \u) is not a Whittaker vector of 
any order higher than k + s. □ 

For an arbitrary element Lx,. \w) of the basis in the universal Whittaker module W^^ with 
T^A 7^ we denote by lx the smallest nonnegative integer i such that X{i) ^ 0. It is convenient 
to assume that = r if ^^A = 0. One has for instance 1% = r for \w). 

Theorem 2.3. Let \w) he a universal Whittaker vector of a type ipr- Whittaker vectors 
in W^^ of a given type ipr' form a linear subspace Wh^^, C W^^ . 

1. If rank Ipr = s G {2r, 2r — 1} there are Whittaker vectors in W^^ of the type ipr and of 
the higher order types 

Ipr' = {lpr{Lr'), . . . ,1pr{Ls),0, . . . ,0} , / = S - r + 2, . . . , S, 

and Wh^^ = span{|^i;)}, 

^h^^i = span{LA \w) : \Xr \ = 0, lx ^ s — r' + 1}. 

2. If rank ipr = s < 2r — 1 there are Whittaker vectors in W^^ of the type ipr and of the 
higher order types 

V'r' = {V'r(V),---,^r(-Z>s),0, ...,0} , / = r + 1 , . . . , S, 

and Wh^^ = span{LA [if) : |A,.[ = 0, /a ^ s - r + 1}, 

^h^^/ = span{LA \w) : \Xr\ = 0, lx ^ s — r' + 1}. 

There are no other Whittaker vectors of any type in the universal Whittaker module W^^ . 

Proof. By Lemma 12.41 it is enough to consider vectors of the form 

\u) = ^pxLx \w) 

where |A| = for all A in the sum. Let = max* \u) and 

= {A : PA / A #A = N}, 
I = min{/A : A G A^}, 
= {A G A^ : /a = • 
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For k ^ r one has 

(Lfc - Vr(ifc)) \u) = ^ Px[Lk, Lx+] \w) + ^ P\[Lk, La+] ■ 

For the first sum Lemma |2 . 1 1 imphes 

max* Yj Px[Lk,Lx+] \w) < N - 1. 
A^A'v 

If s — / ^ r the second sum for k = s — I takes the form 

^A(/)-l r^{r-l) 



^ Pa[L._z,LaJ|^i;) = pAV'r(^s)A(0(5-2/)Lf^'^"^..L^VV) 
>gajv 

and one one gets 



AgAJV AeA/v 



r-1 1^) 



AGAf 



where max'^ \v) < N — \ so that ah the terms on the r.h.s are Hnearly independent. It follows 
that Lg-i \u) is a nonzero vector not proportional to \u). Hence \w') is not a Whittaker vector 
of any type of order s — I ox lower. 
We shall now discuss separate cases. 

1. If s G {2r — 1, 2r} the condition s — Z ^ r is always satisfied and there are no Whittaker 
vectors in W^^ of any type of the order r or lower except vectors proportional to \w). 
For r' in the range s — r + 2 ^ r' ^ s all vectors of the form 

|A|=0 

are Whittaker vectors of type '0r' = {^r(-^r')) • • • > V'r(-^^s)> 0, . . . , 0}. 

2. If s < 2r — 1 there are no Whittaker vectors of any type of order s or lower with nonzero 
components along the vectors L\ \w) with s — r (|A| = 0). The only possibility left 
over are vectors of the form 

Y P\L\ \w) . 

|A|=0 
l\>s—r 

One easily checks that all of them are Whittaker vectors of the same type as \w). Thus 
there are no lower order Whittaker vectors of any type and all Whittaker vectors of 
order r are of the type. 

The higher order vectors can be constructed as in the other two cases. For r' in the 
range r + 1 ^ r' ^ s all vectors of the form 

|A|=0 
Ix^s-r'+l 

are Whittaker vectors of the type ipr' = {ipr{Lr'), • • • , '4>riLs),0, . . . , 0}. 
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Since all vectors \u) of the maximal level zero were considered there are no other Whittaker 
vectors. □ 

Definition 2.3. Let V^^. be a Whittaker module generated by a Whittaker vector \w) of a 
type ipr- The dot-action ■ of the subalgebra Vr on V^^ is defined by 

Ln-\v) = {Ln-A-{Ln))\v) , u ^ r, \v)eV^^. 

For an arbitrary vector \v) = ^P\^L\^ \ w) one has 

Ln ■ \v) = ^Px^[Ln,Lx,] \w) . 

Lemma 2.5. All generators of Vr are locally nilpotent on V^^ with respect to the dot-action, 
i.e. for each n'^ r and \v) G V-^j,^ there exists an integer kn^\v) such that 

\v) = 0. 

Proof. It is enough to consider vectors of the form L\ \ w). For any n > r and X & one 
has, up to numerical coefficients, 

[Ln,[Ln,...[Ln,Lx_LxA...]\w) ~ (6) 

^ . ' 

k 

k 

~ [Ln, [Ln, . . . [Ln,Lx_] ■ ■ . . . [L„,La+] • • •] \ w) . 

/-n " " 

'-•^ I k-l 

By Lemmas 12.11 and 12.21 the level of the expression [Ln,Lx_]Lx^ \w) is smaller than |A| and 
the length of the expression Lx_[Ln,Lx^] \w) is smaller than #A. Let /c+ and k^ be the 
biggest numbers for which 

max[L„, [L„, . . . [L„,La_] . . .] Iw) > 0, 

^ V ' 

fc_ 

max* [L„, [L„, . . . [Ln, Lx.] ■ ■ ■] \w) > 0. 

^ V ' 

To ensure vanishing of ([6j) one can choose k > 2max{k-^- + 1, + 1}. □ 

Lemma 2.6. Let \v) £ V^^ be an arbitrary vector. U{Vr) ■ \v) is a finite dimensional Vr 
submodule of V^^ with respect to the dot action. 

Proof. The PBW basis of U{Vr) consists of all monomials of the form L"^'^^ . . . Ln^"'\ By 



Lemmas 12.11 and 12.21 there exists N such that L„ ■ \v) = for all n > N. Using Lemma [27 
one can then show that there are only finitely many pseudo partitions 

A^ = (A^(r),...,A^(iV-l)) 

such that L^N ■ \v) / 0. □ 
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Theorem 2.4. Any submodule of a Whittaker module of a type tpj. contains a Whittaker 
vector of the same type. 



Proof. Let S he a submodule of a Whittaker module V^^ and 7^ |f) € S. By Lemma [27 
F = U{Vr) ■ \v) is a finite Vr submodule with respect to the dot action. By Lemmas 12.11 and 
12.21 there exists such that L„ • F = for all n > N. The quotient U = Vr/V^ is a finite 
dimensional Lie algebra and F is aU module with respect to the induced dot action 

[Ln] ■ \u) = Ln ■ \u) , n = r,...,N -1, \u) G F. 

It follows from Lemma 12.51 that this action is locally nilpotent. Thus by the Engel theorem 
there exists a vector \w') G F such that 

[Ln]-\w')=0, n = r,...,N-l. 

But this is a Whittaker vector of the type ipr by construction of the induced dot action. □ 

Theorem 2.5. Let W^^ be the universal Whittaker module generated by \w) and s = rank?/). 

1. If s £ {2r,2r — 1} then W^^. is simple. 

2. If s < 2r — 1 then there exists an infinite composition series 

•••<^c...c<c<) = M^,., 

such that all composition factors wjj^ ^V^»/)"^ o,re Whittaker modules of the type 

V'l = {0,...,0,V'r(Lr), ,A{Ls)} for SG2N, 

= {0,...,0,tpJLr),...,ipr{Ls),0} for SG2N + 1. 

2 

Proof. If S" C W^^ is a submodule then Theorem 12.41 implies that S contains a Whittaker 
vector \w') and also the submodule U(y)\w') generated by \w'). By Theorem 12.31 if s G 
{2r, 2r — 1} then any Whittaker vector of the type ipr in is proportional to \w) hence 
U{V) \w') = W^^ and S = W^^ which proves the first part. 

For the proof of the second part we construct a strictly decreasing series of submodules: 

^i"^ = spanf;(v){L[.] \w),...,Lr-2 \w),L'^_^ \w)} 

For all n G N the quotient wjj^ ^V^»/)"^ is generated by the vector \w)] which by 

construction is a Whittaker vector of one of the types stated above. By the first part of 
the theorem the quotient module is simple. The construction is not unique. It works for 
subsequent powers of an arbitrary linear combinations of the form 

Q[flL[s] H h a^'^^Lr-i. 

□ 
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Corollary 2.1. Any Whittaker module of order r and rank 2r or 2r — 1 is isomorphic to the 
universal Whittaker module of the same type. 

Proof. Let V^^ be a Whittaker module of a type tpr and rank 2r or 2r — 1 generated by 
a vector \v). By the universal property of W^^ there exists a surjective homomorphism 
^ '■ W^Vr ~^ such that ^{\w)) = \v). The kernel of <1> is a submodule of W^,,. By Theorem 
12.51 is simple and ^{\w)) = |w) 7^ hence ker <I> = {[ 0)}. Thus <I> is an isomorphism of 
V modules. □ 

As an immediate consequence of Corollary 12.11 and Theorem 12.51 one has 

Corollary 2.2. Any Whittaker module of order r and rank 2r or 2r — 1 is simple. 



3 Whittaker pairs Vi C V 

Let n be a positive integer. We introduce the subalgebra Vi,„ generated by Li, Ln 

Vi,n = spanc{Li,L„,L„+i, . . .} C V. 

A Lie algebra homomorphism '4'i,n '■ Vi,n ^ C is uniquely defined by its values on the 
algebra generators. As it was mentioned in the introduction the cases when ipi^niLi) = or 
V'i,n(-^n) = are already described in the previous section. So is the case n = 2. We shall 
assume therefore that homomorphism 'il^i^n 

is regular i.e. Vi,n(-^^i) 7^ 0, ipi^n{Ln) 7^ and 
n > 2. From commutation relations ([3]) one has ipi^n{Lk) = for all k > n. 

Definition 3.1. Let V be a left V-module, '01, n : —^C-a non trivial Lie algebra 

homomorphism and c - a complex number. A vector \w) (z V is called a Whittaker vector of 
the Whittaker pair Vi^n C V, the central charge c and the type V'i,n if 

z\w) = c\w), Li \w) = ipi^n{Li) \w) and Lk\w) = ipi^niLk) \w) for k^n. 

A V-module V is called a Whittaker module of the Whittaker pair Vi^n C V, the central charge 
c and the type V'i,n it is generated by a Whittaker vector of the same central charge and 
type. 

We say that the Whittaker pair Vi^n C V and its Whittaker vectors are of order n. 

For a Whittaker module ^ of a Whittaker pair Vi,n C V and a type V'l,™ we shall use compact 
notation V^-^ ^ . As before we assume that all Whittaker vectors and modules in this section 
are of Whittaker pairs Vi,n C V and have the same fixed value of the central charge. 

Both the definition of the universal Whittaker module for the pair Vi,n C V and proofs of 
the theorems below are obvious modifications of the considerations of the previous section. 

Theorem 3.1. For each Lie algebra homomorphism ipi^n '■ ^i,n ~^ C there exists a unique, 
up to an isomorphism, universal Whittaker module W^^ ^ . 
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Theorem 3.2. Let ^ he the universal Whittaker module generated by \w). Then the 
vectors Lx \ w) where A runs over the set 

pi." = {xeV'' : A(l) = 0}, 

form a basis of W^^ „ . 

The counterpart of Lemma 12.11 takes the form 

Lemma 3.1. Let \w) be the universal Whittaker vector of a type "01, n- Then for any pseudo 
partition A € 'pi'" 

1. [Lm, Lx+] \w) = for m > n, 

2. max*[Ln,Lx+] \ w) < #A, 

3. there exists a positive integer mx such that 
max* [Li, [Li, . . . [Li,Lx.] • • .] \w) < #A. 

^ V ' 

mx 

By strightforward extensions of Lemmas \2.2\ 12.31 one gets 

Lemma 3.2. Let W^^ be the universal Whittaker module of type ipi^n O'^'d let \u) € W^-^ ^ 
be an arbitrary vector, //max \u) > then \u) is not a Whittaker vector of any type. 

Lemma 3.3. Let W^-^ ^ be the universal Whittaker module W^-^ ^ of type tjji.n and let 

\u) = ^pxLx \w) 

be an arbitrary vector in W^p^ ^. If px ^ for pseudo-partitions A € V^'^ with A(0) ^ then 
\u) is not a Whittaker vector of any type. 

Proof. By Lemma 13.21 it is enough to consider vectors of the form 

\u) = '^pxLx \w) 

where |A| = for all A in the sum. Let A" be the set of all partitions such that px 7^ and 
A(0) / 0. Let 

A^,, = max{A(0) : A € A"}. 

One can write 

(L„ - ^i,„(L„)) |u) = ^ px[Ln,Lx]\w) + ^ px[Ln,Lx]\w) 

A(0)=AO,,, A(0)<AO^,, 
- -n\0 W, (r \ r^(0)-lrA(l) .A(n-l)| > 

AeAO 
A(0)=A[Jjj^j, 

A'(0)<A0,,,-1 

All terms of the first sum with the whole second sum form a set of linearly independent vectors. 
Hence, as each term in the first sum does not vanish neither the whole sum does. □ 
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Let us now turn to the analysis of Whittaker vectors in the universal Whittaker modules 
„ of a type ipi^n- By Lemma [312] and [HTSl the only possible Whittaker vectors in W^^^ 
are of the form 

\u) = ^ p\Lx \w) . 

|A|=0 
A(0)=A(1)=0 

All vectors of this form satisfy 

Ljn \u) = 1pl,niLn)6n,m \u) , m^Tl 

and are therefore Whittaker vectors of the type 

V'n = {?/'l,„(in),0,...,0}. 

We shall call them trivial. 

Lemma 3.4. Let W^j;^^ he the universal Whittaker module W^^^ of a type "01, n- The only 
possible nontrivial Whittaker vectors \u) G W^^^ are of the type V'l.n- 

Proof. We first show that a vector of the form 

|A|=0 
A(0)=A(1)=0 

is not an eigenvector of any L^, A; = 2, . . . , To this end let us introduce the lexicographic 

order in the set of partitions of the form A = (A(2), . . . , A(n — 1)): 

A(2) < A'(2) V 

(A(2) = A'(2) A A(3) < A'(3)) V 

(A(2) = A'(2) A • • • A A(n - 2) = A'(n - 2) A A(n - 1) < A'(n - 1)). 
For vectors ([7]) we define 

Amax(|u.)) = max{A : px / 0}. 
One easily checks that for = 2, . . . , n — 1 

Amax(^fc 1^)) > Amax(|u.)) 

hence \u) is not an eigenvector of L^. 
Let 

Amindw.)) = min{A : px / 0}. 
For each partition A = (A(2), . . . , A(n — 1)) 

Amin([-^-l,iA] \w)) < A 
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hence 

Amin {Li\u) - lpi^n{Ll)\u)) ^ Amin( [-^^1 , ^A^^indu))] < Km{\u))- 

It follows that if Li \u) — ■0i,n(-^i) |^^) / it is not proportional to |n). Thus if Li \u) = A \u) 
then A = ^/^i,„(Li). □ 

Theorem 3.3. Let \w) be a universal Whittaker vector of a type "01, n- 

1. For n = 3 there are no nontrivial Whittaker vectors in W^^ ^ of any type. 

2. For n = 4 the subspace of all nontrivial Whittaker vectors of the type ■0i,n in „ is 
span by the family of vectors 



Wo 



fc=o, ^ , (8) 
l + l-k 

Q-k = -jr~i — TT^^k-i, ao^O. 
4/0^1,4(^4) 

There are no other nontrivial Whittaker vectors in W^^ ^ of any type. 
Proof. By Lemma 13.41 it is enough to look for nontrivial solutions of the equation 

Li \u) = '4)i;i{Li)) \u) . 
For n = 3 the only possibility is \u) = l""^) which 

{Li - V'i,3(^i)) \u) = -^ np„Vi,3(-^^3)^2~^ • 

As the sum on the r.h.s is finite and non vanishing there are no nontrivial Whittaker vectors 
in 3 of any type. 

For n = 4 one checks by explicite calculations that vectors dS]) are Whittaker vectors of 
the type V'i,4- We shall show that for any Whittaker vector of the type ■(/'i,4 the decomposition 

\u) = ^ pxLx \w) . 

A=(A(2),A{3)) 

contains a nonzero term with A = (A;,0). By assumption 

(Li-Vi,4(ii))|n)= Yl Px[LuLx]\w) = 0. (9) 

A={A{2),A{3)) 

For each term one has 

In order to achieve cancelation of terms on the r.h.s of ([9]) if the sum contains nonzero 
term with A = {k,l) it has to contain non vanishing terms with A' = {k — 1,1 + 2) and 
\" = {k + 1,1 — 2). It follows that the following terms must have nonzero coefficients 

L^' \w) , Lf L3 \w) . 
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The second case however cannot be reahzed as a non vanishing term in the decomposition of 
a Whittaker vector of the type ■0i^4 since 

[Li,Lf L3] \w) = -k"L'^"-^Ll \w) - 2V^i,4(L4)L2" H 

and the second term cannot be canceled on the r.h.s. of (This imphes in particular that 
in decomposition Q A(3) assumes only even values). It follows that \u) contains at least one 
term with A = (A;, 0). Let Amin = (^mim 0) be the partition of this type with smallest k. Then 
the vector 

is a new Whittaker vector of the type V'l.n with k'^i^^ > k^nin- Hence repeating the subtraction 
above a finite number of times one has to get a zero vector. Thus \u) is a linear combination 
of vectors ([8]) . 

□ 

Construction ([8]) of Whittaker vectors can be generalized for n > 4 as follows 

I 



I \ 

2;n/ 



fc=0 

ao / 0, 

{n-3){l-k) 
" "2(n-2)(A: + l)Vi,n(in) 



Another generalization is given by 



n-l 



k=l 

ai ^ 0, 

k — 1 

(n-2)(fc + l-/)Vl,n(^n) 

n — 3 

{n-2){n-l)'4>i^n{Ln) 

Constructions above do not exhaust all possibilities. As an illustration we give two more 
examples for n = 5 

,1.1 \ _ / r.r. ^ r.r2 ^ t^t. 1 ^ r.r3 ^ rS 



(2 2^ 1 4 1 4 \ 

Ll - -L^LsU + ^L^Ll + ^LjLl - ^L.Lj - -L, + J \w) 

where // = 'i/'i,5(-^5)- The dimension of the subspace of Whittaker vectors of the type V'l.n 
grows very fast with n. A general discussion is rather involved and goes beyond the scope of 
this paper. 

We close this section with the theorem characterizing Vi^n submodules. Its derivation 
parallels that of Theorem 12.41 of the previous section. 
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Theorem 3.4. Any submodule of a Whittaker module of a type ipi^n contains a Whittaker 
vector of the same type. 

4 Gaiotto and BMT states 

We denote by Vc,a the Virasoro algebra Verma module of the central charge c and the 
conformal weight A generated by the highest weight vector |A): 

z\A) = c|A), Lo|A) = A|A), L„ |A) = for n^l. 

oo 

Let Vc,A = K"a be the Lq eigenspace decomposition. In each n-level subspace there 

n=0 ' 

are two different standard bases : 

k 

. . . L_i^ I A) : ii ^ . . . ^ ifc > 0, ^ij = n, keN}, 

k 

. . . \ A) : h ^ . . . ^ ik > 0, '^ij = n, keN}. 

i=i 

We consider the space V^*^ of all anti- linear forms on a- It is a left V module with respect 
to the action defined by 

{Lnf)\u) = f{L.n\u)), {Zf)\u) = fiz\u)). 

Let us denote by V^^ the space of all anti-linear forms on V^\. There are two bases in V^^, 
dual to the standard bases in VJ^^ 

/['"'='•••''"l(^-^■■i^-^|A)) = (10) 

Each form / € uniquely determined by an infinite sequence {fn}^=o of forms /„ G 

VJ^^ which can in order be decomposed in one of the dual bases. This yields two different 
representations of a form / G V*^ as the infinite series 

/ = E E Gn....,nj[^"^'-'^"^J (12) 

n=0 irii=n 

oo 

/ = E E D^u...,nJ^'"''-''"'^- (13) 

".=0 J2 ini=n 

Our first aim is to find in V*^ all Whittaker vectors of the pair C V and the type 

tpr = (/Xr-, . . . , /Xs, • • • )> r ^2r, 
where s = rank-^^- These are the forms /^^ G V^*^ satisfying 

Lkf^r = for s ^ fc, (14) 
Lkfti,r = t^kf'^r for r ^k^s. (15) 
Note that by construction zf = cf for all / G V*^. 
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oo 



Theorem 4.1. A form f^^ G V^*^ is a Whittaker vector of the pair C V and the type 
V'r = ifJ-r , ■ ■ ■ , f^s, ■ ■ ■) if ctncl only if it is of the form 

oo 

f^r — 5^ ^nr-l,.--,ni/l/>r ' ' ' (^^) 

rir — l,.--i'^l=0 

where 

Jil^r ~ ■ ■ ■ H-r J 

ris,.. .,71^=0 

and are arbitrary coefficients. 

Proof. Let /^^ G ^ form satisfying conditions ([HI), (fT5]) . Equations (fT^ imply that 

/^^ vanishes on all basis vectors . . . L^i^ |A) involving at least one generator with 
n > s. Hence /^^ G ^cA °f ^'^^ following general form 

oo oo 
n=OJ]mi=n ns,...,ni=0 

Calculating the left hand sides of equations ([T5|) on the basis vectors L™J . . . L™"! |A) one gets 
/^,(L-J . . . L^l |A)) = /^,(L_,L™J . . . |A)) 

oo 

= C'„J[^"^-'1"^](L'!V..L!:,+^..L'!\|A)) 

ris,.. .,711=0 
= Cns,...,ni+l,...,ni- 

Comparing with the right hand sides one gets 

Cna,...,ni+i,...,ni = f^iCns,...,ni,...,ni 

for all ni, . . . , and < i < r. The most general solution of the conditions above takes the 
form 

r* —A 11^" ii'^-^ 

with arbitrary coefficients ^nr-i,.--)'ii ■ 

In the case of BMT states it is more convenient to work in basis ()lip . By similar calcu- 
lations one gets 

Theorem 4.2. A form f^^ ^ G ^ Whittaker vector of the pair Vi^n C V and the type 

V'l.n if CLnd only if it is of the form 

oo 

f _ f> nm2,...,mn-\ /-.yN 

Ji>l,n ~ 2-^ ^m2,...,m„-iJ ^p-^^^ ) ) 

m2,...,mn-i=0 



where 

oo 

„m2,...,m„_i _ ,,mi m„ j^[l'"l,2™2,...,(n-l)"'".-l,n'""] 

mi ,mn=0 

1^1 = ipi,n{Li), Vn = tpi^n{Ln) and Bm2,...,m„^i are arbitrary coefficients. 
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Theorems 14.11 and 14.21 provide a general construction of all Gaiotto and BMT states 
in terms of finite or infinite combinations of the basic forms f"'— - ^nd f"^2,---,m„-i 

■'Wr ■''01,71 ' 

respectively. By the results of the Section 2 in the case of the high rank Gaiotto states all 
Whittaker modules of a given type are isomorphic. The states can be in principle further 
characterized by the transformation properties with respect to the lower generators. Our 
basic states are not convenient from this point of view. For the simplest Gaiotto states one 
has 

d_ 



d 

— . 



,0 



l=r 



The corresponding formulae for generic basic forms contain several complicated terms and 
are not especially illuminating. For the basic BMT states the transformation rules are much 
less transparent even in the simplest case. 

It is not clear which parts of the enormous spaces of states found in this section are relevant 
for the AGT relation and the CFT itself. We are not aware of any explicit construction of 
higher order Gaiotto states in this context. For the pair Vi^„ C V the only examples are the 
recently discovered BMT states [29] which in our notation are of the form 



Exm2 \m„-i j,m2,.. 
^2 ■■■^n-1 



.,m„_i 

m2,...,mn-i=0 
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